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1, Introduction
Throughout this paper pΩ(t, x>y) denotes the Neumann heat kernel of a
bounded euclidean domain Ω(ZRd with the Neumann boundary condition. By
definition, pa(t, x,y) is the fundamental solution of the heat operator L=dldt—
Δ/2(Δ is the Laplace operator) with the Neumann boundary condition, i.e.,
for fixed xGί], it is a function in (ί, y) satisfying the equation
Physically pa{ty x, y) represents the temperautre distribution in Ω at time t and
point y if a heat source of total capacity one is present at point x at time 0 with
the assumption that the boundary 9Ω is impervious to heat conduction (adia-
batic boundary). From this interpretation of the Neumann heat kernel it
was conjectured (see Chavel [2] and Kendall [7]) that if Ω is a smooth convex
domain and D is another smooth domain containing Ω, then for all (ΐy xy y) e
(0, oo)χΩχΩ
pΩ(tyxyy)>pD(tyxyy).
While the counterpart of this conjecture for the Dirichlet heat kernel (absorbing
boundary condition) is obvious by the maximum principle (without assuming
the convexity of the smaller domain Ω), the conjecture stated above was re-
cently proved to be false without further hypotheses on the domains Ω and Z>,
see Bass and Burdzy [1].
The convexity of the inner domian is necessary because of the following ba-
sic asymptotic relation:
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lim t logp(t, x, y) = -
where da(x>y) is the distance of the two points x,y restricted in Ω, i.e., the
infimum of the lengths of smooth paths inside Ω connecting x and y. It also
follows from the above limiting relation that if Ω is strictly contained inside D,
then the inequality in the conjecture holds for all pairs of points in Ω and suffi-
cienly small times. A much more complicated argument shows that the ine-
quality holds for x, y in the interior of Ω and for all times smaller than a fixed
constant which depends on the distances of the two points to the boundary 3Ω
(see Carmona and Zheng [3]). One also knows that the inequality holds for all
t if there exists a ball B such that ΩdBczD and centered at either x or y (see
Kendall [7]). Save for some simple cases, e.g., when both Ω and D are multi-
dimensional cubes with corresponding parallel sides, the conjecture is proved in
its full generality only in the case where Ω is a convex domain contained in a
half space D (see Kendall [2] and Davies [4]).
In the present article using a new probabilistic approach we prove an in-
teresting special case of the above conjecture.
Theorem. Suppose that D is a parallelepiped centered at the origin O and
that Ω is a smooth convex domain contained in D such that everywhere on the
boundary 3Ω its inward normal vector field points towards the center respect to D
(the precise meaning of this assumption is given below). Then for a pair of points
x3 y in Ω such that one of them is the center of Ω, and every t>0 we have
(1) Pa{t,χ,y)>PD{t,χ,y).
We will first discuss the one-dimensional case in Section 2. Although the
we know that the conjecture holds in its complete generality in the one-dimen-
sional case, it is the method in Section 2 that we will generalize to handle the
higher dimensional case stated in the theorem. The complete proof of the main
theorem is carried out in Section 3.
We now make precise the assumption on the convex domain Ω in the
theorem above. Let the center of the parallelopiped be the origin O of the co-
ordinates. Let e{) i=l, •••, d, be d unit vectors which span the parallelopiped
D. A vector x can be uniquely written as a linear combination of these vectors:
where Fi9 i=ly ••*, d are linear functions without constant terms. For example,
if D is a multi-dimensional cube with axes parallel to the coordinate axes, then
we may take Fi(x)=xiy the zth coordinate of x. The parallelopiped is bounded
by 2d hyperplanes Fi=±Shi=l> ' *,dy where St are some positive constants.
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Let nΩ(x) be the inward unit normal vector of Ω at a point #^9Ω. Then we
say that nΩ{x) points towards the center with respect to D if Fj(x) and jPf (nQ(λ ))
have the opposite sign for all z = l , •••, d. A typical case we have in mind is
when Ω is an ellipsoid and D is a multi-dimensional cube both with axes parallel
to the coordinate axes
Since pΩ(t, xy y) and pD(t, x,y) are symmetric in (x, y), in the course of our
proof we may assume without loss of generality that y is the center of D. By
the continuous dependence of pD(t, x, y) on the domain D> we may also assume
for convenience that D strictly contains Ω and the origin O is an interior point
of Ω.
2. One-dimensional case
In this section we prove a path domination result (see (2) below) stronger
than the Neumann heat kernel comparison in (1). This path domination result
is what we will need in the next section.
Let Ω=[aly a2] be an interval containing the origin and D=[—S, S] a
larger interval containing Ω. The argument below in fact works as long as D
contains a symmetric interval of the form [—S, S] which in turn contains Ω.
Let x be an arbitrary point in Ω. Let B={Bty t>0} be a one-dimensional
Brownian motion starting from zero. We will use this Brownian motion to
define a reflecting Brownian motion XΩ in Ω and a reflecting Brownian motion
XD in D both starting from a point xGί] such that
(2) V * > 0 , \X?\<\Xf\.
This will imply the result about the heat kernels pΩ and pD. Indeed, (2) implies
that for all sufficiently small £ and all t>0
In terms of the heat kernels, this means that
f pa(t,x,y)dy>\ pD(t,x,y)dy.
Dividing by 2£ and taking the limit as £->0, we obtain the desired inequality (1).
To achieve the pathwise domination in (2), we first define XΩ by the well-
known Skorohod equation
(3) XΩ = x+Bt+LΩ-ι-LΩ \
where LΩi are nondecreasing continuous processes starting from 0 which in-
creases only when XΩ is at ah i=l, 2. Note that given Bt as a continuous func-
tion, the Skorohod equation can be solved deterministically for {Xf, LΩ>1, LΩ-2}
(see Ikeda and Watanabε [6], p. 119-120).
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The reflecting Brownian motion XD will also be defined by a Skorohod equa-
tion
(4) X? = x+Wt+Lϊι-LDt-2,
but with a different Brownian motion W. Our task is to relate the two Brow-
nian motions B and W in such way that the pathwise inequality (2) holds. In
the following construction of W, we may regard B and W as deterministic
continuous functions since the construction itself has nothing to do with proba-
bility.
Initially we let Wt=Bt and define Xf by the Skorohod equation (4). These
definitions of Wt and Xf are in force until the first time t=τι that Xf=—Xf
Φθ. After n , we let the increment cf W to be the negative of the increment
of B, i.e., we define t>τι
Wt=Wri+Bτ~Bt.
We Jthen define X? by the Skorohod equation (4) until the first time t=τ2 that
Xf=Jf?φO. We now let the increment of W to be the same as that of By
i.e., for t>r2
Wt=WT2+B-BT2.
For t>τ2, Xf is determined by (4) until the first time t=τ3 that Xf= —
and set for t>τ3
Wt=WT3+Bτ-Bt.
In general, for t^[τ
n
, τ
n+1] we define
and define τ
n+ι to be the first time t after rn such that Xf=(— 1)Λ -X?=f=O. Let
Too=lim
Λ^
oo τ
Λ
. We thus have defined Wt and Xf for all time ί<Too. Note that
Tny n=ίy 2, ••• is a sequence of strictly increasing stopping times. Clearly, W is
a Brownian motion. Therefore the process XD> which satisfies the Skorohod
equation (4) is indeed a reflecting Brownian motion on D. We claim that
Too= °° and that Inequality (2) holds.
Let us look at a fixed time interval [τ
n
, τ
n + 1 ] , n=0, 1, 2, •••, with the con-
vention that τ
o
=O. We first prove Inequality (2) on this interval by contradic-
tion. We know that (2) holds at time t=τ
n
. Suppose that (2) does not hold
for all t in [τ
Λ
, τ
n+1]. Let r be the infimum of those time points in the inter-
val for which (2) does not hold. Then τ<τ
n+1. We have X?=±X? and
Wt—Wτ=±[Bt—Bτ] on the interval [T, τM + 1]. In both equalities the positive
sign holds when n is even, otherwise the negative sign holds. Therefore we
have in either case
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(5) \X?+B-B
τ
\ = \X?+Wt-Wτ\.
The two reflecting Brownian motions cannot be at 0 at time T, because other-
wise for a positive amount of time after T, both processes are away from the
boundary 3Γ2 and the boundary local times in (3) and (4) do not increase.
Thus from (3), (4) and (5) we see that |-XΓ?| = \Xf\ for a positive duration of
time after T, which contradicts the definition of T. NOW we assume that
XΩ>0. In this case, Xf will be positive for a positive duration of time after
T. Thus LQΛ does not increase. Also since Xf is at a positive distance away
from the boundary 3D, the boundary local times LD'\i=ly2 do not increase
for a positive duration of time after T. It follows from (3), (4) and (5) that for
a positive duration of time after T, we have
\χ?\=χ?
< X?+Bt-Bτ
<\Xξ+W-W
τ
\
= \X?\
This again contradicts the definition of T. The case XΩ<0 can be discussed
similarly. We therefore have proved that Inequality (2) holds throughout the
interval [τ
n9 τ Λ + 1 ]. This implies immediately that (2) holds for all time t<Too.
Finally to prove that Too=°°, we first show that Xf has to reach both zero
and the boundary 9Ω during the time interval [τM, τn+1]. We assume that
X?
n
=X?
m
 (the other possibility X=— Xf
n
 can be handled similarly). At time
τ
n+ι we have Xfn+i=—Xfn+i4z0f i.e., the two processes are on the different sides
of the origin. Since as proved before Xf is always farther from the origin than
Xfy this cannot happen unless Xf is at the origin sometime. Now if Xf does
not reach the boundary 3Ω, then the boundary local times in (3) do not
increase. By (3) and (4) we have Xf=Xf until Xf reaches the boundary 3D.
Clearly then Xf will not reach the boundary at all and we always have Xf=Xf.
Therefore Xf and Xf cannot be on the different sides of the origin. This con-
tradiction shows that Xf has to reach the boundary sometime between τ
n
 and
Now the fact that Xf has to hit both zero and the boundary 3Ω during the
interval [τ
n9 τn + 1] shows that the oscillation of XΩ is at least min {| aλ \, | a2\} > 0 .
By the continuity of Xf we must have Too=lim
Λ^
oo τ
Λ
=°o.
The proof of one-dimensional case is completed.
The idea of the above proof is called coupling, namely we couple the two
reflecting Brownian motions XΩ and XD so that they behave collectively in a
certain way, which in this case is the pathwise domination (2).
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3. Proof of the main theorem
Let B be a rf-dimensional Brownian motion (d is the dimension of the
space) starting from the origin and ^GΩ. AS in the one-dimensional case, we
will define a new Brownian motion W from B. A multidimensional version of
the Skorohod equation holds (see Hsu [5], Chapter 2, or Lions and Sznitman
[8]), and we have two reflecting Brownian motions XΩ and XD on Ω and D satis-
fying the Skorohod equations
(6) X? =
(7) X? = x+Wt+ ['n°(X?) dLDs .
Jo
Here in (6), nΩ(x) is the inward unit normal vector at x^dΩ, and LΩ is a non-
decreasing process starting from zero which increases only when X
The same description holds for the second equation (7).
Let ei9 Ft be defined as in Section 1. We have
where Fi(Bt), ί = l , •••, d, are scaled (by constant) Brownian motions. Note
that these Brownian motions are not necessarily independent.
Our task is to define the Brownian motion W in terms of B so that the fol-
lowing path domination relation holds with probability one:
(8) Vί>0, and i=ί, ,d: |F,(X?)| ^ |F,(Xf
The main theorem follows from (8) immediately. Indeed, let
Γ , = {y: max
From the above inequality, we have for sufficiently small £,
In terms of the Neumann heat kernels, this is just
( pΩ(t,x,y)dy>\ pD(t,x,y)dy.
J Γ 8 J Γ ε
Dividing by the volume | Γ 8 | of Γ s and letting 8 go to zero, we obtain the
desired inequality (1). Thus it is enough to establish (8).
The procedure we use is similar to the one in Section 2 for the one-
dimensional case. To start with we let Wt=Bt and define X
Ό
t by the Skorohod
equation (7). Let t=τ1 be the first time that jFf (Xf)=— JF^JK^ΦO for some /.
Let Iι be those indices i such that the above event occurs at time τ
λ
. We reverse
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the directions of the increments of the components Fι{Bt\ i^h, namely we
define for
W, = W
τi+ Σ [F(Bri)-F(Bt)] e,+ Σ [F(Bt)-F(BTl)] e,.
Define X? by the Skorohod equation (7) until the first time i=τ2 a such that
either Fi(Xf)=Fi(X?)Φ0 for some ί^Iλ or JP/(JCf)=-F<(-Y?)Φθ for some
iG/i. For the indices i such that either of the above event occurs, we reverse
the direction of the increments of the components F{(Bt). This means the fol-
lowing. Let I
n
 be the set of indices for which the first event occurs at τ 2 and
712 be the set of indices for which the second event occurs at τ2. Let /2=(ΛVn) U
712. Then we set for t>τ2
W, = WTz+ Σ lF,{BJ-F{Bt)] e,+ Σ [Ft{Bt)-F(B^] e,.
This procedure can be carried out indefinitely. Let Too=lim
w^
oo τ
n
. We thus
have defined the processes Wt and X? for all time t<Too. Note as before that
τ
Λ
, w=l, 2, ••• is a sequence of strictly increasing stopping times. Clearly, W is
a Brownian motion. Therefore the process XD, which satisfies the Skorohod
equation (7), is a reflecting Borwnian motion on D. It remains to show that
T o o =oo and (8) holds almost surely.
As before we prove by contradiction that (8) holds for all intervals [τ
n
, τ
n + 1 ] .
Suppose that this is not true and let [τ
Λo
, τ
nQ+1] be the first interval for which (8)
does not hold. For each index /, let σ, be the infimum of those time points in the
interval for which (8) fails for index ί(σ, = τ
n o + i if such time points do not exist.)
Let τ=min {σ, , 1 <i<d}. Then τ<τ
nQ+ι. Let j be an index such that τ=cry.
By the Skorohod equations (6) and (7) we have
(9) F,(Z?) = Fi(X?)+Fj(Bt)-Fj(Bτ)+ j ' F, [«Ω(X?)] dL° ,
(10) FJX?) = Fj(X?)+Fj(Wt)-FJ{Wr)+\tFj[nB(Xf)'\ dLDs .
Now we have the following facts;
(i) By the hypotheses on the domains Ω and D the increment of the boundary
local time term in (9) always have the opposite sign as Fj(X?)
(11) |F y (Z?) |<<Sr y ;
(iii) FJ(X?)=±FJ(X?) and FJ(Wt)-FJ(WT)=±[Fj(Bt)-Fί(WT)] for all t in
[T, T
Λ O + J . Therefore, similarly to (5) we have
(iv) Since FJ(ei)=0 if iΦj the boundary local time term in (10) increases
or decreases only when Fj(X?)=±Sj. In fact, F^Xf) is a scaled (by
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constant) reflecting Brownian motion on [—Sjf Sj],
Thus we are in exactly the same situation as in the one-dimensional case of the
last section. By the argument there, we see that \Fj(Xf)\ <\Fj(Xf)\ for a
positive duration of time after r. This contradicts the definitions of T and j
and proves the desired inequality (8).
Finally we have to show that Too=°o almost surely. We first show that if
Too is finite then X^ must be in the union A= Uί-i(9ΩΠ {2^=0}). Let us
suppose otherwise, i.e., for some positive constants λ0 and £0, the path X? will be
at least λ0 distance away from the set A and all time t^[τoo—So, Too). Then
there is a positive constant c0 such that if Xf^dΩ for some ίe[τoo—£0, Too) then
\Fi(XQ)\ >c0 for all £=1, •••, d . Let n0 be a large positive integer such that
τ
Λorf>Too—£0. Letn>n 0. Clearly there exists at least one index j such that
F,(X?t)=±Fj(X?t) and 2^X») = T*V(X?,)
for some k and / between nd and (n+1)d (inclusive). Thus by an argument
similar to the one used in the last section we see that Fj(Xf) must reach zero
some time between τk and τ% and X? must reach the boundary at some time
(say t0) between τk and τh This implies that \Fj(X?Q) \ >c0. It follows that for
each n>n0 the oscillation of at least one component F^Xf) in the integral
[τ
ndy T(n+1)d] is at least c0. By the continuity of Xf this implies that Too=o°, a
contradiction. Thus Too<oo implies that X^^A. This is as far as we can go
without probability!
To finish the proof, we note that A, being a union of finitely many com-
pact and smooth manifolds of dimension d— 2, is a polar set for the reflecting
Brownian motion XΩ. Thus with probability one XΩ never reaches A. It fol-
lows from this observation and what we have shown in the preceding paragraph
that with probability one Too=°o. This completes the proof of the main the-
orem.
ACKNOWLEDGEMENT The author would like to thank the referee who read
the manuscript carefully and made many good suggestions for imporvement.
References
[1] R. Bass and K. Burdzy: On domain monotonicity of the Neumann heat kernel
(1993), preprint.
[2] I. Chavel: Heat diffusion in insulated convex domains, J. London Math. Soc, 34
(1986), 473-478.
[3] R. Carmona and W. Zheng: Reflecting Brownian motion and comparison theorems
for Neumann heat kernels, preprint (1992).
[4] E.B. Davies: Spectral properties of compact manifolds and changes of metric, Amer-
NEUMANN HEAT KERNEL 223
ican J. of Math., 112 (1990), 15-39.
[5] P. Hsu: Reflecting Brownian motion, Boundary Local Time, and the Neumann
Boundary Value Problems, Thesis, Stanford (1984).
[6] N. Ikeda and S. Watanabe: Stochastic Differential Equations and Diffusion Pro-
cesses, 2nd edition, North-Holland/Kodansha, Tokyo, 1989.
[7] W.S. Kendall: Coupled Brownian motions and partial domain monotonicity for the
Neumann heat kernel, J. of Func. Anal., 86 (1989), 226-236.
[8] P.L. Lions and A.S. Sznitmann: Stochastic differential equations with reflecting
boundary conditions, Comm. Pure Appl. Math., 37 (1984), 511-537.
Department of Mathematics
Northwesten University
Evanston, IL 60208
USA

